Abstract. We here discuss the process of opinion formation in an open community where agents are made to interact and consequently update their beliefs. New actors (birth) are assumed to replace individuals that abandon the community (deaths). This dynamics is simulated in the framework of a simplified model that accounts for mutual affinity between agents. A rich phenomenology is presented and discussed with reference to the original (closed group) setting. Numerical findings are supported by analytical calculations. 
Introduction
Opinion dynamics modeling represents a challenging field where ideas from statistical physics and non-linear science can be possibly applied to understand the emergence of collective behaviors, like consensus or polarization in social groups. Several models have been proposed in the past to reproduce the key elements that supposedly drive the process of opinion making [1, 2] . The problem of providing an adequate experimental backup to such developments is indeed an open one, and more work is certainly needed to eventually assess the interpretative ability of the proposed mathematical formulations, following e.g. the guidelines of [3, 4] . Models based on interacting agents display however a rich and intriguing dynamics which deserves to be fully unraveled.
Opinion dynamics models can be classified in two large groups. On the one hand, opinions are represented as discrete (spin-like) variables where the system behaves similarly to spin glasses models [5] . On the other, each individual bears a continuous opinion which span a pre-assigned range [6] . More recently, a new framework for a discrete but unbounded number of opinions was proposed in [2] and shown to nicely complement the picture. In all the above approaches, a closed system is generally assumed, meaning that the same pool of actors is made to interact during the evolution. This can be interpreted by assuming that the inherent dynamical timescales (e.g. opinion convergence time) are much faster than those associated to the processes (e.g. migration, birth/death) responsible for a modification of the group composition, these latter effects having being therefore so far neglected. Such an implicit assumption is certainly correct when the debate is bound to a small community of individuals, thus making it possible to eventually achieve a rapid convergence towards the final configuration. Conversely, it might prove inaccurate when applied to a large ensemble of interacting agents, as the process becomes considerably slower and external perturbations need to be accounted for. Given the above, it is therefore of interest to elucidate the open system setting, where the population is periodically renewed.
To this end, we refer to the model presented in [7] , where the role of affinity among individuals is introduced as an additional ingredient. This novel quantity measures the degree of inter-personal intimacy and sharing, an effect of paramount importance in real social system [8] .
Indeed, the outcome of an hypothetic binary interaction relies on the difference of opinions, previously postulated, but also on the quality of the mutual relationships. The affinity is dynamically coupled to the opinion, and, in this respect, it introduces a memory bias into the system: affinity between agents increases when their opinion tends to converge.
The aforementioned model is here modified to accommodate for a death/birth like process. In this formulation, M agents are randomly eliminated from the system, every T time steps. When an agent exits from the community (virtually, dies), he is immediately replaced by a new element, whose opinion and affinity with respect to the group are randomly assigned. As we shall see, the perturbation here prescribed alters dramatically the behavior of the system, with reference to the ideal close-system configuration. To understand such modifications via combined numerical and analytical tools, constitutes the object of the investigations here reported.
We shall mainly explore the parameters setting that would lead to an asymptotic consensus state (all agents eventually bearing the shared opinion 0.5), in absence of the external perturbation which is here object of investigations. The underlying model [7] displays however a richer phenomenology, exhibiting in particular stable polarized Both the affinity matrix and the agents opinions are randomly initialized time t = 0. At each time step t, two agents, say i and j, are chosen according to the following extraction rule: first the agent i is randomly identified, with a uniform probability. Then, the agent j which is closer to i in term of the social metric D 
Here η j (0, σ) represents a normally distributed noise, with mean zero and variance σ, the latter being named social temperature. The social distance is instead defined as:
with ∆O
The smaller the value of d t ij the closer the agent j to i, both in term of affinity and opinion. The additive noise η j (0, σ) acts therefore on a fictitious 1D manifold, which is introduced to define the pseudo-particle (agent) interaction on the basis of a nearest neighbors selection mechanism and, in this respect, set the degree of mixing in the community.
When the two agents i and j are extracted on the basis of the recipe prescribed above, they interact and update their characteristics according to the following scheme 1 :
where the functions Γ 1 and Γ 2 respectively read:
and
1 The evolution of the quantities Oj (t) and αji(t) is straightforwardly obtained by switching the labels i and j in the equations.
and the symbol Θ(·) stands for the Heaviside step-function 2 .
More specifically, Γ 1 is 0 or 1 while Γ 2 is −1 or 1, depending on the value of their respective arguments. In the above expressions α c and ∆O c are constant parameters.
Notice that, for α c → 0, the opinion is formally decoupled from affinity in ( In [7] , a preliminary analysis of the qualitative behav- More quantitatively, the system is shown to undergo a continuous phase transition: above a critical value of the control parameter (σα c ) −1/2 it fragments into several opinion clusters, otherwise convergence to a single group is 2 In [7] , the switchers Γ1 and Γ2 are smooth functions constructed from the hyperbolic tangent. We shall here limit the discussion to considering the Heaviside approximation, which is recovered by formally sending β1,2 to infinity in Eqs. (3) and (4) of [7] . numerically shown to occur 3 . We shall here simply notice that a significant degree of mixing (large social temperature σ) brings the system towards the single-cluster final configuration.
Starting from this setting, we introduce the birth/death process, which in turn amounts to place the system in con- 
Results
Numerical simulations are performed for a system of N = 100 individuals and its evolution monitored 4 . Qualitatively, the system shows the typical critical behavior as observed in the original formulation [7] . However, peculiar distinctions are found, some of those being addressed in the following discussion. First, an apparently smooth transition is also observed within this novel formulation, which divides the mono-and multi-clustered phases. Interestingly, the transition point is now sensitive to the departure density ρ. To further elucidate this point, we draw in Fig shows that there is a linear correlation between σ c and ρ.
4
The chosen value of N could be in principle considered too small to allow us extracting sound statistical information from the model at hand. As we shall however discuss, already at such relatively small value of N , one observes a satisfying matching between numerics and statistical based predictions. No substantial differences are detected when simulating a larger system, this observation motivating our choice to stick to the N = 100 case study. Notice also that potentially interesting applications in social sciences would often deal with a finite, possibly limited, number of agents, as for the case being addressed at present.
The larger the departure density ρ, the larger the effective temperature σ c . In other words, when ρ is made to increase (i.e. the system is experiencing the effect of a more pronounced external perturbation), one needs to augment the degree of mixing, here controlled by the social temperature σ, if a convergence to the final mono-cluster is sought. The death/birth process is in fact acting against the thermal contribution, which brings into contact otherwise socially distant individuals. While this latter effect enhances the chances of convergence, the former favors the opposite tendency to spread.
To further elucidate the role of the external perturbation, we shall refer to the dynamical regime where the agents converge to a single cluster. When ρ is set to zero, the final shared opinion is 0.5 to which all agents eventually agree, see The associated standard deviation υ is deduced, from a series of simulations, and shown to depend on the selected value of ρ. The result of the analysis is reported in Fig. 4, where the calculated value of υ (symbols) is plotted versus the departure density amount ρ. For small values of the control parameter ρ, the standard deviation υ of the cluster scales proportionally to √ ρ, Fig. 3 . Numerics indicate that the proportionality coefficient gets smaller, as α c grows. In the opposite limit,
namely for large values of the density ρ, the standard deviation υ rapidly saturates to a asymptotic value, υ c . The latter is universal, meaning that it neither scales with α c , nor it does with the social temperature σ. Our best numerical estimates returns, υ c = 0.28 ≃ 1/ √ 12 which, as expected, corresponds to the standard deviation of the uniform distribution in the interval of length 1.
The solid lines in Fig. 4 represent the function : 
which presents the same dependence of υ versus √ ρ, as observed in the numerical experiments. Moreover, the coefficient γ t is expected to decay when increasing the cutoff in affinity α c , in agreement with the numerics. For ρ >> 1, Eq. (6) implies:
thus returning the correct result.
To derive Eq. (6) 
where υ conv t+T labels the standard deviation just before the insertion of the next pool of incoming agents Recalling that the newly inserted elements are uniformly distributed, and labeling with G(·, ·) the opinion distribution (the two entries referring respectively to mean and the standard deviation), the updated variance is:
The asymptotic stationary solution correspond to υ t+T = υ t , a condition that immediately leads to Eq. (6) when plugged into (10). The above analysis also suggests linear relation (9), a choice which eventually allows us to carry out the analytical calculation resulting in expression (6) that the final fate of the system is not affected by the time when the perturbation is first applied, t in . This conclusion is also confirmed by direct numerical inspection:
The asymptotic value of the standard deviation υ does not depend on t in , but solely on ρ. Even in the extreme condition, when the death/birth perturbation is switched on after the agents have already collapsed to the mean opinion 0.5, one observes that, after a transient, the cluster spreads and the measured value of υ agrees with the theoretical prediction (6).
Aiming at further characterizing the system dynamics, we also studied the case where, initially, agents share the same belief O 0 . The initial distribution of opinions is
tion is a stationary solution, for any given O o when the death/birth process is inactivated. Conversely, when the death/birth applies, the system evolves toward a state, characterized by a single cluster (localized, if ρ is small, uniformly spread over the allowed region as ρ > 1, see preceding discussion), centered in O = 0.5 and with standard deviation given by Eq. 6. It is also observed that the time needed by the system to complete the transition T conv depends on the value of ρ and the critical affinity α c , see 
The first term refers to the freshly injected actors, while the second stands for the remaining Delta-distributed in-dividuals. Hence, the mean opinion value reads:
We can suppose that between the occurrence of two 
After n death/birth iterations, the opinion mean value
From Eq. (13) one easily gets that the asymptotic equilibrium is reached forŌ ∞ = 0.5, as found in our numerical experiments; in fact the following relation is straightforwardly obtained:
being O o the initial common believe. By setting α = 
whose asymptotic solution is given byŌ n →Ō ∞ = 0.5.
Expression (15) 
The above estimate is in excellent agreement with the numerical results reported in Fig. 5b . 
Conclusions
In this paper we have discussed the process of opinion making in an open group of interacting subjects. The model postulates the coupled dynamical evolution of both individuals' opinion and mutual affinity, according to the rules formulated in [7] . At variance with respect to the toy-model [7] , the system is now open to contact with an external reservoir of potentially interacting candidates.
Every T iterations the M agents are instantaneously replaced by newborn actors, whose opinion and affinity scores are randomly generated according to a pre-assigned (here uniform) probability distribution. The ratio ρ = M/T , here termed departure density plays the role of a control parameter. The occurrence of a transition is found which separates between two macroscopically different regimes:
For large values of the so-called social temperature the system collapses to a single cluster in opinion, while in the opposite regime a fragmented phase is detected. The role of ρ is elucidated and shown to enter in the critical threshold as a linear contribution. Two phenomena are then addressed, with reference to the single clustered phase. On the one side, the external perturbation, here being hypothesized to mimic a death/birth process, induces a spreading of the final cluster. The associated variance is numerically shown to depend on the density amount ρ, the functional dependence being also analytically explained. On the other side, we also show that the birth/death events imposed at a constant pace can produce the progressive migration of a cluster, initially localized around a given opinion value. A theoretical argument is also developed to clarify this finding. As a general comment, we should emphasize that the effect of opening up the system to external influences changes dramatically its intrinsic dynamics revealing peculiar, potentially interesting, features which deserves to be further explored.
A Appendix
This appendix is devoted to discussing a straightforward extension of the above analysis to the case of the orig- 
where τ c plays the role of a characteristic time. 
whose asymptotic stationary solution corresponds to
if T is small enough. This result can be compared to the result of direct numerical simulation, returning an excellent agreement, as displayed in Fig. 6 . 
